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Abstract 

A systematic study of multiquark exotics with one or N^ — 'i heavy quarks 
in the large hmit is presented. By binding a chiral soliton to a heavy 
meson, either a normal Ac-quark baryon or an exotic (Ac + 2)-quark baryon 
is obtained. By replacing the heavy quark with Ac— 1 heavy antiquarks, exotic 
(2Ac — 2)-quark and 2A'^r;-quark mesons are obtained. When Ac = 3, they are 
just the normal triquark baryon Qqq, the exotic pentaquark baryon Qqqqq, 
tetraquark di-meson QQqq and the hexaquark di-baryon QQqqqq respectively. 
Their stabilities and decays are also discussed. In particular, it is shown that 
the "heavy to heavy" semileptonic decays are described by the Isgur-Wise 
form factors of the normal baryons. 



1 



Typeset using REVTgX 



I. INTRODUCTION 



One of the early triumphs of the quark model is its success in describing the hadron 
spectrum. By regarding hadrons as qq or qqq configurations, their quantum numbers (charge, 
spin, isospin, strangeness, etc.) are well accounted for. On the other hand, the question of the 
existence of exotics has attracted more attention in recent years. In particular, since Jaffe's 
classic papers [^|-^ on di-meson and di-baryon states in quark-bag model, the existences of 
multiquark states has been investigated through many other approaches. 

In this paper, we are going to investigate the existences of multiquark states containing 
one or two heavy quarks. In the large Nc limit, they are states with one or A^c — 1 heavy 
quarks. Two types of interactions are going to play important roles in our discussion. They 
are the heavy meson-chiral soliton binding, and the Coulumbic attraction between heavy 
quarks. 

By treating the low- lying baryons (N and A) as chiral solitons [|], their interactions with 
heavy mesons have been previously calculated in the large limit 0-0] • It has been shown 
that there exist attractive channels between a heavy meson and both a chiral soliton and an 
anti-soliton. Hence we can systematically bind chiral solitons to heavy mesons, and study 
the properties of those bound states with exotic quantum numbers. 

On the other hand, in the heavy quark limit, the color potential between two heavy 
quarks are Coulumbic. As the result, — 1 heavy antiquarks can form a small colored 
complex of size {Ncas{'mQ)mQ)^^ which transforms just like a heavy quark under color 
SU(Ai'c). (Note that we keep NcUs constant when taking the large limit; the size of 
this "fake heavy quark" has a finite limit when A^^^ oo.) Hence, for any hadron with one 
heavy quark, we can replace the heavy quark with this "fake heavy quark" to obtain another 
hadron P,^. We will see below that some of these states are exotics. 

In Section 2, we are going to review these two interactions by considering the properties 
of normal baryons with one or A"c — 1 heavy quarks. Section 3 will investigate hadrons with 
2A^c — 2, A^c + 2 and 2A'c quarks, which for brevity will be called tetraquarks, pentaquarks 
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and hexaquarks respectively. Last of all, the validity of the results for finite quark masses 
and possible generalizations of this framework is discussed in Section 4. 

II. BARYONS WITH ONE OR iVc - 1 HEAVY QUARKS 
A. Baryon with one heavy quark 

The simplest hadron with one heavy quark is the heavy meson Qq. The simplest light 
hadrons with non-zero baryon number are the low-lying q^" states, i.e., the nucleon N and 
the Delta A, which can be treated as chiral soliton in the large Nc limit [Q. Hence, in order 
to construct the simplest heavy baryon Qq^""^-, we consider the binding between a heavy 
meson and a chiral soliton. 

A classical chiral soliton is the configuration of the pion field satisfying the hedgehog 
ansatz: 

So = ex\i{iF{x)x ■ r), (2.1) 

with -F(O) = — vr and F{oo) = 0. The interaction of a heavy meson and the pion field is 
given by the chiral Lagrangian. The binding potential between a heavy meson and a chiral 
soliton should be expressible in terms of the heavy meson-pion coupling g and the chiral 
profile function F{x) of the chiral soliton. In Ref. 1^-0, it has been shown that this binding 
potential is simple harmonic in the large Nc limit and can be written in the form 

V{x;K) = Vo{K) + Ik{K)x\ (2.2) 

where both the binding energy Vq{K) and the spring constant k,{K) are odd functionals of 
F{x). The potential is independent of the heavy quark species (by heavy quark symmetry) 
and the baryon spin (by the large Nc limit), and solely depend on i^' = J + 5*^, where / and 
Sg are the isospin and spin of the light degrees of freedom of the bound state, respectively. 
For states with K = 0, i.e, {I, Si) = (0,0), (1, 1) and etc., Vq = —^gF'{0) and the spring 
constant k is positive. Hence the resultant states are stable with the (0, 0) and (1, 1) states 
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identified as Aq and Eg respectively. The 1/Nc corrections will break the degeneracy of these 
K = Q states with the (0, 0) state as the ground state. The value of /t can be determined to 
be (530MeV)^ in the Skyrme model and (440MeV)'^ from A* — Ac splitting. For states with 
K = 1 the potential is opposite in sign: 

V{x]K = 1) = -\V{x;K = Q), (2.3) 

and the resulting states are unbound. 

Given the simple harmonic form of the binding potential, it is possible to calculate the 
Isgur-Wise form factor //(w), which describes the QbQ^"'^ —>■ QcQ^"'^ weak transition. The 
Isgur-Wise form factor, which is the overlap of the light degrees of freedom, is in this case just 
the overlap of simple harmonic wave functions |7|,p!0|. In the limit where mi,, rric ^ Aqcd, 
we have 

V{w) = I rf3pr(p)0(p + k), (2.4) 

where 

k = m5(v-v'), (2.5) 

and 0(q) is the ground state simple harmonic wave function in the momentum space. In 
Eq. ( p.5|) is the mass of the chiral soliton. The exact form of this integral is given in 
Ref. |7|JT0||. In particular we can verify the Luke's Theorem |lT|, which states that ri{w) is 
normalized to unity in the heavy quark limit. 

r/(l) = 1, (2.6) 

and the leading corrections are of order (Aqcd/^^q)^- 

The form factor ri{w) results from the non-perturbative interaction between the chiral 
soliton and the heavy meson. It describes all "heavy to heavy" transitions between normal 
baryons, like A;, — > A^ and Sf, S^*) . Note that both transitions are described by the same 
form factor in the large Nc limit. [T^ 



B. Baryon with Nc — 1 heavy antiquarks 

As discussed before, Nc — 1 heavy antiquarks can form a small colored object Q^'''^ which 
transforms just like a heavy quark under color SU(A''c). As long as Ncas{mQ)mQ ^ Aqcd, 
the light degrees of freedom cannot resolve the individual heavy antiquarks within this "fake 
heavy quark." Hence, for any heavy hadron containing a single heavy quark, we can replace 
this heavy quark with the "fake heavy quark" and obtain another hadron which contains 
Nc — 1 heavy antiquarks. In particular, by replacing the heavy quark Q in the heavy meson 
Qq with Q^"'^, we get the non-exotic baryon Q^^^^q. 

Q^c-i j^g^g binding energy of the order of N c a1{mQ)mQ . When mq oo, the binding 
energy grow to infinity. The heavy antiquarks are very tightly bounded in the heavy quark 
limit, and Q^^'^q is safe from dissociations like Q^''~^q Qq + Q^'^^'^qq. As a result, Q^"'^ 
must decay weakly. 

To describe the weak decays, again we need an Isgur-Wise form factor. For the de- 
cay -Bai...ajv^_26 ~^ -Bai...ajv^_2C, whcrC -Bai...aiVc-2f' = Q ■ ■ ■ Q aM^-2QbQ ^'^'^ -Bai...aiVc-2C = 

Qai • • - QaM^-iQc^^ Isgur-Wise form factor rja-^...aI^^^2{b~*c){w) is dominated by the over- 
lap of the Hartree-Fock wave functions, which describes the interaction of Qb or Qc with 
the other — 2 heavy antiquarks |T2|. In the real world, = 3 and the Hartree-Fock 



wave functions become Coulumbic wave functions |]TB[. Hence we can calculate the Isgur- 
Wise form factor rja{b-,c)iw) for the QaQbq QaQcq transition by evaluating the overlap 
of Coulumbic wave functions. (Note that rja{b^c){w) is called rjabciw) in Ref. ||T3| , [l^ .) For 
B = fJ^abOisi^iab) and C = f^acOisifJ'ac), we have 

r]aib^c){w) = J rf3p^*(C;p) 7/^(5; P + q), (2.7) 

where 

q = m„(v-v'), (2.8) 

and '4'{B; p) is the ground state Coulumbic wave function with Bohr radius and similar 
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for P + q)- The exact form of ria(b^c){w) is given in Ref. [|T^]. Note that in general the 



Isgur-Wise form factor is not normahzed at the point of zero recoil. In fact, 



= . (2-9) 

which is not equal to unity unless B = C, i.e, rrib = rric. This is very different from the 
normalization of i]{w), which holds regardless of the size of rrib — rric as long as both rrib and 
TTic > Aqcd- 

The form factor ^7ai...aiVc-2(b^c)('W^) results from the perturbative attraction between the 
heavy antiquarks. As we will see below, to describe the semileptonic decays of the mul- 
tiquark exotics, we need just the two form factors we have discussed, namely r]{w) and 

^?ai...ajv,-2(fc-c)(w). 



III. HEAVY EXOTICS IN THE LARGE LIMIT 



A. Tetraquarks 

The large analog of tetraquark states QQqq is ambiguous. Both QQqq and Q'^'^^^q^"^^ 
reduce to QQqq when Nc = 3. In his classic paper on baryons in the 1/Nc expansion [IT2 



Witten showed that QQqq states are absent in the large limit. On the other hand, stable 
QNc-igNc-i g^a^gg^ which he called "baryonium" states, exist. In this section, we will discuss 
their properties and decay modes. 

We can obtain a "baryonium" Q^^'^q^"'^ by replacing the heavy quark Q in a heavy 
baryon Qq^"'^ with the "fake heavy quark" Q^"'^. In the real world, where Nc = 3, it 
is just the di- meson, or tetraquark hadron QQqq which Jaffe discussed in Ref. and 
subsequently discussed in Ref. |l2| , p!^| -|20|] . 

Since non-perturbative QCD cannot resolve the individual heavy antiquarks in the "fake 
heavy quark," the tetraquark has similar spectroscopic properties with the normal baryon. 
In particular, the lowest-lying configurations will have (/, Sg) = (0, 0). These states are safe 
from dissociations like Q^^'^q^"'^ —>■ Q^^'^q + q^" and hence must decay weakly. 



The Isgur-Wise form factor r{~^^ _^(b^c)('^) tetraquark decay Ta^ . ^j^^^jb 

^ai...ajVc-2C; whcre Ta^ a^^_^i, = Q ai ■ ■ ■ Q a^^^2Qi>QQ and Ta^ a^^_^c = Q ai ■ ■ ■ Qa^^-iQ cQ^l 



can be expressed as the product of two terms with different physical origins |20|. A per- 
turbative term comes from the overlap of the initial and final "fake heavy quark" wave 
function. Since this "fake heavy quark" transition is identical with what happens in the 
Bai...aN,-2b Ba,...ai^^_2c decay, the perturbative term is exactly 'nai...aN,-2{b-^c){w). On the 
other hand, a non-perturbative term describes the overlap of the initial and final light de- 
grees of freedom under the color field of the "fake heavy quark." Since the light degrees of 
freedom of a tetraquark is identical to that of a normal baryon, the non-perturbative term 
is just ri{w). As a result, we get 

Val.a^^_2{b^c)i^) = Va^...aj,^.2{b^c)H. (3.1) 

When iVc = 3 we have 

vl^^b-.c)M = Viw) Vaib^c){w), (3.2) 

which has been proved in Ref. Note that the normalization of ?7^(^^^)(w) is given by 

the normalization of each of its factors. 



<L,(1) - (^) . (3.3) 

We will see this factorization of perturbative and non-perturbative contributions also in the 
case of hexaquark decays. 



B. Pentaquarks 

In Ref. Q, the authors has remarked upon the possibility of the existence of exotic bound 
states of heavy mesons and chiral antz-solitons. In the large Nc limit, a chiral anti-soliton, 
which has baryon number —1, is also a configuration of the pion field satisfying the hedgehog 
ansatz. The profile function satisfying the boundary condition -F(O) = n and F(oo) = 0. 
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In other words, a chiral anti-soliton is obtained when we flip the sign of F{x) of a chiral 
sohton, and vice versa. Since the binding potential V{x) is odd in F{x), the binding of a 
chiral anti-soliton to a heavy meson will be the same in magnitude but opposite in sign with 
that of a chiral soliton. Denoting the binding of a chiral anti-soliton to a heavy meson by 
V{x; K), we have 

V{x;K) = -V{x;K). (3.4) 

Hence K = states are unbound and the K = 1 states are bounded. The stable bound 
states are those with {I,Se) = (0, 1), (1, 1), (1,0) and etc. In the quark model, such states 
are exotic Qq^"^^ multiquarks. When = 3, these Qqqqq states are just the pentaquarks 
discussed in Ref. Il3j21|-|5l. 

Combining Eq. ( |2.3| ) and Eq. (p.4|), we get the relation 

V{x;l) = lV{x;0), (3.5) 

which means that the binding energy of the pentaquark is just a third of that of a normal 
heavy baryon. Still, the pentaquark is below the Qq^"^^ Qq + q^" threshold and hence 
must decay weakly. Here again the Isgur-Wise function r]^^\w) is given by the overlap of 
simple harmonic wave functions 0(p). The only difference is that for the pentaquark system 
the spring constant is just third of that of a normal heavy baryon. Since the 

natural unit for momentum of a simple harmonic oscillator is (msnY^^, we have 

^(p)=0(3^/'p). (3.6) 

With 

rj(^){w)= Jd^p4^*{p)4^{p + k), (3.7) 

we flnally obtain 

ri^^\w) = ri{V3{w-l) + l). (3.8) 
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We have succeeded in relating the Isgur-Wise form factors of pentaquarks and that of 
normal heavy baryons. Like r]{w), r]^^\w) also obeys Luke's theorem and is normalized at 
the point of zero recoil, 

r/(5)(l) = L (3.9) 

We can also consider the hadron obtained by replacing the heavy quark in a pentaquark 
system by a "fake heavy quark." The resultant hadron is the famous if-dibaryon, which is 
also known as the hexaquark. 



C. Hexaquarks 

As suggested above, when we replace the heavy quark inside the pentaquark system 
with a "fake heavy quark," the resultant system Q'^'^^^q^'^^^ has baryon number 2. When 
Nc = 3, the hadron QQqqqq is just the H particle first suggested by Jaffe ^ and subsequently 
discussed by Ref. [p!2| , p!7| , p3| , p6| -p6| . It is one of the most well-discussed exotics as it arises 



in many different scenarios like the bag models, large Nc Hartree-Fock model, AA molecule. 



Skyrme models, potential models and lattice gauge calculations. Noteworthy are Ref. ||28 



and Ref. [3^, in which H arises as topological chiral solitons under SU(3)lX SU(3)h chiral 



symmetry. While the normal chiral solitons (N and A) are pion configurations in the SU(2) 
submanifold spanned by the SU(3) generators {Ai,A2,A3}, H are pion configurations in 
the SU(2) submanifold spanned by {A2, A5, A7}. Due to this relation between the structure 
constants of SU(3), 

/257 = i/l23, (3.10) 

the baryon number of H is twice that of a normal chiral soliton. This SU(3) group theoretical 
approach is applicable when there are three light fiavors. It is interesting to see that, in our 
formalism, hexaquarks also arise through the interplay of SU(2)/^x SU(2)j:j chiral symmetry 
and heavy quark symmetry. 
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Since the light degrees of freedom of a hexaquark is identical to that of a pentaquark, 
we have K = 1 stable configurations. The discussion on the stabihty of the hexaquark 
runs parallel to that of the tetraquark. The large chromoelectric binding energy prevent 
the dissociation Q^^'^q^"^^ Qq^"^^ + Q^''~'^qq or other decay modes which involves 
the splitting up of the "fake heavy quark" system. On the other hand, the stability of 
the pentaquark system guarantees the stabililty of the hexaquark against —>■ 
QNc-iq _|_ ^A^c Hence the hexaquark is stable with respect to strong interactions and decays 
weakly. 

Just like its tetraquark counterpart, the hexaquark Isgur-Wise weak form factor 
^S..a;ve-2(6-*c)(^) of hexaquark decay .a;ve-26 ^ -f^ai...a;ve-2c, where Ha,...a^^_^b = 
Qai--- QaM,-2Qbf''^^ and -ffai...aAr,_2c = Qai ■ ■ ■ Q aj^^^^Q cQ^"^^ cau also be expressed as the 
product of a perturbative factor and a non-perturbative factor. The perturbative part, which 
results from the chromoelectric attraction between the heavy antiquarks, is again given by 
^ai...ajv^_2(f'^c)(w). The non-perturbative part, which describes the overlap between the ini- 
tial and final light degrees of freedom, is given by rj^^^ (w) as the light degrees of freedom of 
a hexaquark is identical with that of a pentaquark. As a result, 

^S..a^,_2(6-»c)(^) = Va^...a^,Mb-*c){w). (3.11) 

When Nc — S we have 

^i(L)H=^^'H^)^a(;>->c)(«^)- (3.12) 
Last of all, we again have the normalization condition 

IV. CONCLUSION 

In summary, the following results have been obtained. 
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1) In the large Nc limits, there exists heavy tetraquark, pentaquark, and hexaquark exotic 
states which are stable with respect to strong interactions. It is noted that the stabilities 
of tetraquarks depends simply on the heavy quark limit and the stabilities of normal Aq 
baryons, while the stabilities of pentaquarks and hexaquarks have been shown in the context 
of the chiral soliton model, which is a crucial assumption in our discussion. 

2) The (/, Si) of these multiquark states are known. 

3) The "heavy to heavy" weak decay of each of these multiquark states are described by 
a single Isgur-Wise form factor. Moreover, these Isgur-Wise form factors can be expressed 
in terms of the Isgur-Wise form factors of normal baryons. 

Naturally the question of whether in this framework one can generate higher multiquark 
states like heptaquarks and octaquarks arises. To answer this question, note that all the 
hadrons considered in this paper can be reduced to two-body bound states, of either a heavy 
meson or "fake heavy meson" in one hand, and a chiral soliton or anti-soliton in the other. 
It is exactly the possibility of such reduction to a two-body problem which simplifies the 
systems and enable us to get the results listed above. When we move on higher multiquark 
states, such reductions are impossible. For example, the heptaquark is a "fake heavy meson" 
QQq bounded to two chiral solitons qqq, and the octaquark is a heavy meson Qq bounded to 
two chiral anti-solitons qqq. In general, such three-body systems are intractable. Hence we 
do not expect a simple generalization of our framework to describe these higher multiquark 
states. 

Our discussion on hadrons with iV^ — 1 heavy antiquarks depends crucially on the assump- 
tion that the light degrees of freedom cannot resolve the "fake heavy quark" or equivalently 
Ncas{mQ)mQ ^ Aqcd- In the real world, since the top quark does not live long enough to 
form hadrons, we just have two "hadronizable" heavy quarks, the 6-quark and the c-quark. 
The assumption above, however, holds for neither of them, and our results cannot be applied 
directly. Still, it is possible that the picture above is at least qualitatively correct and can 
serve as the starting point of quantitative investigations of the heavy multiquark systems 
by including the effects of l/mg corrections. 
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